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Nuclear  collisions  from 0.3 to  2  GeVInucleon  are studied in  a  microscopic  theory  based  on 
Vlasov's  self-consistent  mean  field  and  Uehling-Uhlenbeck's  two-body  collision  term  which 
respects the Pauli principle.  The theory explains simultaneously the observed collective flow and 
the pion multiplicity and gives their dependence on the nuclear equation of state. 
PACS numbers: 25.70.-z 
One of  the most intriguing motivations for studying 
relativistic nucleus-nucleus collisions is the unique op- 
portunity  to  explore compressed and excited  nuclear 
matter in  the laboratory.  A signature of  compression 
is  the collective sidewards flow predicted theoretically 
by  nuclear  fluid  dynamics'  and  classical  microscopic 
many-body  simu~ations.~  Recently,  the predicted  col- 
lective  sidewards  flow  has  been  observed  in  high- 
multiplicity  selected  collisions  of  heavy  n~clei.~,~ 
Another  observable compression  effect predicted  by 
fluid dynamics is the dependence of the pion multipli- 
city on the nuclear compression energy at high  densi- 
tie~.~  The pion  multiplicities have been measured for 
near-central  collisions  of  Ar  (0.3-1.8  GeV/nucleon) 
+ KCI.~ 
Both  data  sets  present  a  challenge  to  microscopic 
theories:  The flow calculationsL4 done with the stan- 
dard  intranuclear-cascade  pr~~rams'.~  result  in  for- 
ward-peaked  angular  distributions,  in  contrast  to  the 
data. and the calculated pion m~lti~licities~-~  drastical-  I 
ly  overestimate the experimental yields.  These large 
discrepancies are surprising in  view of  the success of 
the cascade  model  in  describing  inclusive data.'j8  It 
has  been  conjectured6  that  the  difference  between 
measured pion yields and cascade predictions is due to 
the neglect  of  compression energy  in the cascade ap- 
proach  and thus may  be  used  to extract  the nuclear 
equation of state at high densities. 
In this Letter we present a microscopic theory which 
explains for the first time simultaneously both the ob- 
served  collective  flow  and  the  pion  multiplicity  and 
gives  their  dependence  on the  nuclear  equation  of 
state.  Our approach is based on Vlasov's equation for 
the evolution of  the single-particle  distribution  func- 
tion f of  a  collisionless  plasma  in  a  self-consistent 
mean  potential  field  supplemented  by  Uehling- 
Uhlenbeck's  quantum  mechanical  extension  of 
Boltzmann's  two-body  collision  term  which  respects 
the Pauli principle.  This extended Boltzmann equation 
can be ~ritten~.'~ 
The Vlasov equation is  solved by  simultaneous nu- 
merical integration of the classical equations of motion 
of  fifteen parallel ensembles of  Ap+ AT test particles, 
which are initially  assigned  Fermi  momenta and ran- 
dom  positions  in  a  sphere  of  nuclear  radiiis.  The 
ensemble-averaged phase-space density is computed at 
each  synchronization  time  step  in  a  six-dimensional 
sphere  around  each  test  particle.  This  ensemble 
a~eraging~,'~  ensures  a  reasonably  smooth  single- 
particle  distribution function f (r,p,r) which is used to 
determine the mean field  U(  n) and the Pauli-blocking 
probability ( 1 -  ,f)  ( 1 -,f). 
I 
I  Two test particles from a given ensemble may  un- 
dergo  s-wave  scattering  if  they  approach  each  other 
within  a  distance  d2=a/.rr  and  the  resulting  final 
states are not  Pauli  blocked.  Here a denotes the ex- 
perimental  scattering  cross  section  of  Protons,  neu- 
trons, and pions.  The experimental inelastic-scattering 
cross  sections  are  used  to calculate  pion  production 
and absorption through the delta resonance. 
Three different Skyrme parametrizations have been 
chosen  to represent  the mean  field  U due to a  stiff 
(compression  constant  K =  375  MeV),  a  medium 
(K  = 200  MeV), and a supersoft  nuclear equation of 
state: 
U(n)  = -  124t7/no+70.5(n/no)2  MeV  (K = 375 MeV),  (2a) 
Cr(n)  = -  356n/no+ 303(n/n,,)'/~ MeV  (K = 200 M~v).  (2b) VOLL  hf~  54,  NU~IBER  4  PHYSICAL REVIEW LETTERS  28 J.\YLAR) 1985 
The supersoft  potential  equals  (2a) at  n < no, and is 
constant for n > no. It allows the study of  bound nu- 
clei with  Zero compression energy.  U is directly relat- 
ed  to  the  nuclear  equation  of  state  via  U(n) 
=an(E)lan. 
We have extensively tested the present method and 
the  newly  developed  Computer  program.''  First,  in- 
clusive  spectra  of  protons  emitted  from  high-energy 
heavy-ion reactions have been calculated.  They com- 
pare well  with recent data.'Oa"  Second, we have stud- 
ied proton-induced pion production on nuclear targets. 
Figure 1 shows the target-mass dependence of the ob- 
served  and  T- yields12 in  comparison  with  the 
present  theory.  The absolute  yields,  the target-mass 
dependence,  and  the  large  (factors  of  5)  difference 
between  the  .rrf  and  x-  yields  as  well  as  the pion 
spectra (not shown) are well reproduced. 
The present  approach  has  further  been  tested  by 
turning off the Pauli blocking and mean potential field. 
Then  the  parallel  ensembles  decouple,  and  the  test 
particles  move on straight-line trajectories  until  they 
scatter.  Thus  the  conventional  intranuclear  cascade 
model is  recovered.  The thus obtained  "cascade  nu- 
clei"  are unstable and expand as a result of the Fermi 
rn~tion.~  It has been shown13 that this artificial expan- 
sion causes a rapid decrease of the density and drasti- 
cally  reduces the number of  n-n  collisions if  massive 
nuclei  (A -  100) are studied.  The artificial expansion 
of the cascade nuclei can be prevented by  "freezing"13 
the  Fermi momenta  of  the nucleons  or-as  done in 
the present work-by  use of a binding potential.  The 
supersoft equation of  state can be  used to study bind- 
ing without introducing compressional energy explicit- 
ly  into the calculation.  In order to simulate the stan- 
dard  cascade  calculations  as  closely  as  possible,  we 
have  used  in  our  "cascade  mode"  Cugnon's  "Pauli 
principle"  prescription  (n-n collisions with  c.m. ener- 
gies below  50 MeV/nucleon  are inhibited).  The pion 
yields calculated with the present program  in the "cas- 
cade mode"  (i.e., with the simplified Pauli blocker and 
no  field)  agree  quantitatively  with  the  cascade 
resu~ts.~,~  Both  results  differ  substantially  from  the 
results obtained with the present  theory which  uses a 
nuclear equation of state and phase-space Pauli  block- 
ing  : 
Take the 360-MeV/nucleon data, for instance:  The 
negative pion yield is 1.05 in the "cascade  mode,"  but 
drops by  a factor  of  2-to  0.56-if  the compression 
energy (2a) is included-the  suggested large influence 
of the nuclear matter equation of  state5j6  is observed. 
The  pion  yield  drops  further  (to  0.46)  when  the 
Uehling-Uhlenbeck  Pauli  blocking  is  applied.  These 
numbers differ by  factors of 3  from results published 
in  Ref. 9, where a method similar to the present one 
has been used to solve the the Boltzmann equation.  A 
revised  version  of  that  program  now  reproduces  our 
results.  We would like to refer to other papers on pion 
production which use different approaches.'4-'7 
The pion multiplicities are shown in Fig. 2 as a func- 
tion  of  the  bombarding  energy.  The present  theory 
with  equation  of  state  (2a)  plus  phase-space  Pauli 
blocker compares well  with  the data.6 while our "cas- 
cade  mode"  overestimates the pion  yields  by  factors 
> 2  at  energies  up  to  1  GeV/nucleon, just  like  the 
cascade ca~culations.~-~  The drop in  the pion  yield  is 
found to be due to the transformation of  kinetic ener- 
gy  into potential energy during the high-density phase 
of  the reaction  as well  as due to  Pauli  blocking.  To 
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check the sensitivity of the pion yields to the equation 
of  state, the calculations have been repeated with the 
medium potential  (2b).  At  772 MeVInucleon we find 
(T-) =  2.45 k0.09 and 2.13 I0.07 with  the medium 
and the stiff equation of state, respectively.  At  lower 
energies, statistical error bars of  150h preclude an accu- 
rate assessment of  the influence of  the potential.  At 
all  other energies,  where  the statistical error  bars  are 
3%,  the  yields  are  systematically  higher  (by  about 
10°/o)  with the medium equation of  state than with the 
stiff equation of state.  For the time being we feel un- 
able,  though,  to  extract  a  nuclear  equation  of  state 
from the data.6 
We  have  also  investigated  the  observed sidewards 
peaking  [Fig.  3(b)]  in  multiplicity  selected  Nb(400 
MeVInucleon) +Nb  collisions3:  The  flow  tensor13 
Fij= zvpipj/2mv  is  determined  on an  event-by-event 
basis and the direction of the maximum kinetic-energy 
flow  is  determined.  Cascade  calculations  produce 
forward-peaked  di~tributions.~.'~  We  would  like  to 
emphasize again the important role of the binding po- 
tential:  If  the  binding  potential  is  neglected  as  in 
Cugnon's original program,8,'"inite  flow angles may 
be obtained18 as a result of  the sidewards expansion of 
the  unbound  projectile  and  target  nucleons.  This is 
demonstrated in Fig. 3(c),  which shows the flow-angle 
distributions  obtained  with  the original  Cugnon  pro- 
gram8  (i.e.,  unstable  nuclei)  and  the  modified  ver- 
sion6<l3  of his code with "frozen"  Fermi momenta. 
Figure  3  (a)  shows  the  flow-angle distribution  for 
Nb(400 MeV/nucleon) +Nb at impact Parameter b = 1 
fm with  the medium  and the stiff  equation  of  state. 
Observe the strong sidewards maximum at large angles 
in both cases and the drastic influence of the equation 
of  state:  The average flow angle is  43"  with  the stiff 
equation of state, while  it is 28" with the medium one. 
As a consequence of rhis  substantial variation  of  the 
flow with the nuclear potential, it seems feasible to ex- 
tract the nuclear equation of  state from a comparison 
of the data with high-statistics calculations, whence the 
experimental trigger conditions and efficiency cuts are 
carefully simulated in the calculations. 
In  conclusion,  a  microccopic  theory  which  incor- 
porates both a self-consistent mean field and two-body 
collisions  which  respect  the  Pauli  principle  explains 
both  pion  multiplicity and collective flow observed in 
central nucleus-nucleus collisions.  The results exhibit 
a significant influence of both the nuclear equation of 
state and the Pauli principle. 
Discussions with  J. Aichelin, G. Bertsch, J. Harris, 
and R. Stock are acknowledged.  This work  was sup- 
ported by the National Science Foundation. 
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FIG. 3.  Flow-angle distributions dN/(/cosHf  for 93Nb(400 
MeV/nucleon) +93Nb:  (a)  The  present  theory  with  the 
medium and hard equation of state; if  the Pauli principle  is 
neglected, the maximum in the angular distribution shifts to 
larger angles (by about 20").  (b) "Plastic-ball"  data (Ref. 3) 
for various multiplicity  bins.  (C) Results obtained with  the 
standard cascade  with  use of  unstable  nuclei  (Ref. 8) and 
the "frozen"  Fermi-momenta approximation (Ref. 13). 
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